Abstract. We study Ulrich bundles and their moduli on unnodal Enriques surfaces. In particular, we prove that unnodal Enriques surfaces are of wild representation type by constructing moduli spaces of stable Ulrich bundles of arbitrary rank and arbitrarily large dimension.
Introduction
Since Horrocks proved his seminal result [19] that ACM (Arithmetically Cohen-Macaulay) bundles on P n are direct sums of line bundles, ACM sheaves on a projective variety have been intensely studied. In addition to having important connections to the study of deformation theory (for example, to codimension 2 subschemes of P n with ACM structure sheaves [15] ), the study of ACM sheaves provides an important tool for determining the complexity of the underlying variety in terms of the dimension and number of families of indecomposable ACM sheaves that it supports. This complexity is called the representation type of the variety [22] .
Varieties admitting only a finite number of indecomposable ACM sheaves (up to twist and isomorphism) are called of finite representation type and have been completely classified [26] :
[Z] ∈ Hilb n (P 2 ) with Z reduced and n ≤ 3, P n , a smooth quadric hypersurface X ⊂ P n , a cubic scroll in P 4 , the Veronese surface in P 5 , or a rational normal curve. At the other extreme are varieties of wild representation type for which there exist families of non-isomorphic indecomposable ACM sheaves of arbitrarily large dimension. Varieties of tame representation type fit between these two extremes and for each rank r admit only finitely many moduli spaces of indecomposable ACM sheaves of rank r, whose dimensions do not exceed one.
Smooth projective curves fit perfectly into this trichotomy based on the genus g:
In higher dimension we cannot expect such a simple trichotomy to hold. Indeed, a quadric cone in P 3 exhibits an infinite discrete set indecomposable ACM bundles of rank 2 [5] . Nevertheless, the definition of varieties of wild representation type continues to make sense in higher dimension although few examples are known.
In this paper we study a particular kind of ACM bundle whose associated graded module has the maximal number of generators. Although the algebraic counterpart of this phenomenon was first observed by Ulrich in [24] , these so-called Ulrich sheaves on projective varieties were originally introduced in [14] . On a d-dimensional projective variety X ⊂ P n , an Ulrich sheaf E can equivalently be described as a coherent O X -module admitting a linear resolution as an O P n -module, or as an O X -module such that π * (E) ∼ = O deg(X) rk(E) P d for a generic projection π : X → P d . The most convenient definition for us, however, is that E(−i) is acyclic for i = 1, . . . , d, i.e. H j (E(−i)) = 0 for i = 1, . . . , d and all j. These equivalences are the content of [14, Proposition 2.1].
Ulrich sheaves were originally studied in connection with Chow forms of subvarieties of P n [14] , but since their introduction they have been shown to be intimately connected to the minimal resolution conjecture (MRC) [1, 12, 16] , representations of Clifford algebras [7] , and Boij-Söderberg Theory [13] . Indeed, in [13] it is shown that the cohomology table C(X, O X (1)) of a d-dimensional projective variety X ⊂ P n is the same as that of P d if and only if X admits an Ulrich sheaf. Furthermore, Ulrich sheaves are extremal rays in C(X, O X (1)).
Although Ulrich sheaves are conjectured to exist on every projective variety [14] , Ulrich bundles have only been constructed in a few cases: smooth curves [14] , complete intersections [18] , Grassmannians [11] and some partial Flag varieties [8] , del Pezzo surfaces [14, Corollary 6.5] and more general rational surfaces with an anticanonical pencil [21] , K3 surfaces [1] , and abelian surfaces [4] . In this short note we will study Ulrich bundles on a generic (more specifically: unnodal) Enriques surface with respect to multiples of the Fano polarization.
In Section 2 we prove that Ulrich line bundles exist for any polarization proportional to the Fano polarization ∆ of an unnodal Enriques surface Y . We also formulate an attractive lattice theoretic conjecture that would ensure that Ulrich line bundles exist for all polarizations.
In Section 3 we prove that Enriques surfaces are of wild representation type by constructing stable Ulrich bundles of any rank, whose moduli spaces have increasingly large dimension.
By using a particularly convenient resolution of the cotangent bundle Ω Y that comes from the description of an unnodal Enriques surface Y as theétale quotient of a (2, 2, 2) divisor in (P 1 ) 3 , we prove in Section 4 that Ω Y (3∆) is a stable Ulrich bundle of rank two with respect to the polarization H = 2∆. We include a proof of this torically motivated description of Y in an appendix (Section 5).
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Ulrich line bundles on unnodal Enriques surfaces
Let X be smooth projective surface. Recall that with respect to a very ample polarization H, a vector bundle E on X is called Ulrich if and only if
for all i.
The following lemma describes a sufficient and necessary condition for a line bundle O(D) on an unnodal 1 Enriques surface to be acyclic, in the sense that all of its cohomology groups vanish. 1 An Enriques surface is said to be unnodal if it contains no smooth rational curves and nodal otherwise.
Proof. The vanishing of cohomology implies that χ(O(D)) = 0 and thus D 2 = −2 by the RiemannRoch theorem. In the other direction,
there is a smooth rational curve on Y , contradicting unnodality. Indeed, let C = m i R i , with m i > 0 and R i integral, be the decomposition of an effective curve C ∈ |D| into irreducible components. Then as R i .R j ≥ 0 for i = j, we conclude from C 2 = −2 that there must be some index i for which R 2 i < 0. It follows that 0 ≤ p a (R i ) = 1 2 R 2 i + 1 < 1, i.e. R i is a smooth rational curve (with
In the case of a line bundle on an unnodal Enriques surface Y , Proposition 2.1 allows us to reformulate the general Ulrich bundle condition (1) strictly in terms of the intersection pairing on Num(Y ). Specifically, for E = O(D), the Ulrich condition is equivalent to the existence of
The following purely lattice theoretic conjecture is appealing but we cannot presently prove it. Recall that up to torsion the cohomology of Y with the intersection pairing is the even unimodular lattice Λ of signature (1, 9) given by U ⊕ E 8 (−1) where U is the hyperbolic plane. 
Together with E i , the element ∆ generates Λ. It satisfies
Remark 2.3. The importance of ∆ is highlighted by the fact that it gives the embedding of Y of the lowest possible degree (10) and in the smallest projective space (P 5 ) [9] .
The main result of this section is the following. Proof. It is clear that the case k < 0 can be reduced to k > 0 by switching D 1 and D 2 .
For even k ≥ 0 and c 1 , . . . , c 4 ∈ Z, we consider
and
It is clear that D 1 − D 2 = k∆ and that
so by Lagrange's four-square theorem we can pick c 1 , . . . , c 4 to make
To deal with odd k ≥ 3, consider the divisor class L = 3E 9 +2E 10 −∆. We have L.∆ = 15−10 = 5, and L 2 = 12 − 30 + 10 = −8. We will look for solutions to
We have D 1 − D 2 = k∆, and note that (E 1 − E 2 ), . . . , (E 7 − E 8 ) are mutually orthogonal, as well as orthogonal to ∆ and L. The conditions
which are both equivalent to
The right hand side is a positive integer which can again be written as a sum of four squares by Lagrange's theorem.
It remains to consider the case k = 1. Here we provide a solution explicitly as
Remark 2.5. It is easy to show that for any H with H 2 > 0 the number of solutions to the Ulrich equations (2) is finite. Indeed, the sum F = D 1 + D 2 lies in the orthogonal complement of H, which is a negative definite lattice. It satisfies
, which has only a finite number of solutions. Since D 1 − D 2 = H, we have only a finite number of pairs
2 ). In the case H = ∆ and H = 2∆ these calculations can be performed by hand. For H = ∆, the resulting Ulrich divisors D = D 1 + H, up to permutations of the E i , are We leave the details to the reader.
Higher rank Ulrich bundles and their moduli
In this section we prove the existence of stable Ulrich bundles of arbitrary rank with respect to the Fano polarization H = ∆ on an unnodal Enriques surface Y . As these bundles move in moduli spaces of arbitrarily large dimension, it will follow that unnodal Enriques surfaces are of wild representation type. Before we get to the construction, we prove a higher rank finiteness result in analogy with Remark 2.5.
Lemma 3.1. For any polarization H and rank r, there exist only finitely many pairs (c 1 , c 2 ) for the Chern classes of vector bundle E that is Ulrich with respect to H.
Proof. Riemann-Roch and the vanishing conditions χ(E(−H)) = χ(E(−2H)) = 0 together imply that
so in particular c 2 (E) is determined by r and c 1 (E). From (A) we see that the divisor class 2c 1 (E) − 3rH is orthogonal to H and thus sits in the orthogonal complement of H, which is negative definite by the Hodge index theorem. Furthermore, from the proof of [6, Proposition 3.1(a)], it follows that c 2 (E) represents an effective 0-dimensional cycle, so c 2 (E) ≥ 0.
Solving for c 1 (E) 2 in (B) and applying the positivity of c 2 (E), we get that
where the rightmost bound depends only on r and H. Finiteness easily follows.
Now we can construct higher-rank bundles. Since F and O(D) have the same slope, namely 15, it follows from the Hodge index theorem that
Thus we get For simple bundles, we can use the existence of a modular family M of simple bundles [6, Proposition 2.10] which parametrizes every simple bundle of the given Chern class at least once (but only finitely many times) and most importantly pro-represents the local deformation functor for each simple bundle. In particular, every rank r stable Ulrich bundle of first Chern class c 1 (F) + D, if it exists, is represented by a point on M. Furthermore, the dimension of M is given by
If the generic point of the component of M containing E as in (4) 
On the other hand, the dimension those simple bundles E coming from the construction described in (4) is
That this is strictly smaller than
is precisely the positivity statement (7) given the equality in (5) and the fact that rk(F) = r − 1. We obtain the following result of independent interest as an immediate consequence: Proof. It suffices to demonstrate moduli spaces of stable Ulrich bundles of arbitrarily large dimension, as these contain open subsets parametrizing non-isomorphic stable (and thus indecomposable) ACM sheaves. So write r = 2k + ǫ, where ǫ = 0, 1, depending on the parity of r, and consider c 1 = 3k∆ + ǫ(E 7 + E 8 + E 9 + 2E 10 ).
As 3∆ = (2E 1 + E 2 + E 3 + E 4 ) + (−E 1 + E 5 + · · · + E 10 ), it follows that c 1 is in the semigroup generated by Ulrich divisors. From the proof of Theorem 3.2, there exist rank r stable Ulrich bundles with first Chern class c 1 . These moduli spaces have dimension
which grows as r grows, so the corollary follows.
A natural stable rank two Ulrich bundle
We showed above that there exists stable Ulrich bundles of arbitrary rank on Y by taking extensions of Ulrich line bundles. Here, we use a different method to prove that a certain natural rank two vector bundle on an unnodal Enriques surface Y is Ulrich for the double Fano polarization H = 2∆. Proof. In order to prove Theorem 4.1, we first recall a geometric construction of Y as a free quotient of an invariant (2, 2, 2) divisor in (P 1 ) 3 .
Let E 1 , E 2 and E 3 be three half-pencils on Y with E i .E j = 1 − δ i,j in agreement with the notations of the previous section. Let π : X → Y be the K3 double cover of Y . For the pullbacks π * E i on X, the linear systems |π * E i | are base-point free pencils which give morphisms X → P 1 whose generic fibres are smooth elliptic curves. By combining these together we get a morphism
which is a closed embedding with image a (2, 2, 2) divisor on (P 1 ) 3 , see the appendix, Section 5, for details. The line bundles π * E i can be linearized with respect to the covering involution σ : X → X. This gives a linearization of O(1, 1, 1) on (P 1 ) 3 and X can be identified as the zero locus of a σ-invariant section of the (2, 2, 2) line bundle on (P 1 ) 3 .
The conormal exact sequence for X ⊂ (P 1 ) 3 ,
Pushing forward and taking σ-invariant components, we get a resolution
which will be the key to our verification of the Ulrich property.
When we twist (8) by ∆, we see that
has zero cohomology groups. It follows that Ω Y (∆) is acyclic.
To prove that E is Ulrich it only remains to show that E(−2H) = Ω Y (−∆) is acyclic. From Serre duality and the fact that Ω
by the previous paragraph.
In the remainder of this section we will show that the Ulrich bundle Ω Y (3∆) is µ-stable with respect to the Fano polarization ∆. 
we may assume that D is not numerically trivial. As discussed in the proof of Theorem 4.1, for any triple of distinct indices {i, j, k} ⊂ {1, . . . , 10} we have a short exact sequence
which can be dualized and twisted by the canonical class to give
Thus it suffices to show that there is a triple of indices i, j, k such that
Suppose that there exists some t such that h 0 (2E t + K − D) > 0. By unnodality of Y this implies
We know that
where s = i =t a i . We have used a t = −s from D.F = 0. This translates into
We can make two observations. First of all, there are at most 5 nonzero a i (including a t ). Second, if a t = 0, then all other a i are zero, which contradicts D being nontorsion. Now the first observation allows us to pick (i, j, k) such that a i = a j = a k = 0 and then the second observation ensures (9) .
Therefore, Ω Y is µ ∆ -stable.
Appendix: A toric projective model of Y
In this section we show that the K3 cover X of an Enriques surface Y can be represented as a hypersurface in P 1 × P 1 × P 1 of tridegree (2, 2, 2).
To this end, let E 1 , E 2 , E 3 be three halfpencils on an Enriques surface Y such that E i .E j = 1−δ ij . Denote their pull-backs under π : X → Y by F i = π * E i . Each F i induces an elliptic fibration π i : X → P 1 . Indeed,
Define Q := φ(X), so that Q is a hypersurface of (P 1 ) 3 . We would like to show that Q has tridegree (2, 2, 2). First notice that any curve contracted by φ would have to be one of the fibers of π i for some i. But as F j .F i = 1 = 0, φ could never contract such a curve. So φ is certainly a finite morphism. We may, without loss of generality, consider a line of the form {p} × {q} × P 1 for fixed p, q ∈ P 1 . Then φ −1 ({p} × {q} × P 1 ) = π Suppose that for generic choices of p and q, Q ∩ ({p} × {q} × P 1 ) does not consist of two distinct points, but instead of a single point (p, q, r) whose preimage under φ consists of two reduced points.
consists of two points, where we denote by F t i the elliptic fibre of |F i | over the point t ∈ P 1 . Consider the specific case where
consists of two distinct points sitting over the unique point of intersection of E 1 and E 2 . By [25, Proposition 2.2], we may choose the half-pencils so that
It follows that the point r ∈ P 1 above cannot be either of the points corresponding to the preimages of E 3 and E ′ 3 . From [2, Remark after Lemma 17.3], we see that other than the two double fibres 2E 3 and 2E ′ 3 , whose preimages are irreducible, the preimages of the other curves in |2E 3 | consist of two disjoint, isomorphic curves which are switched by the covering involution of π :
and since r must lie over a reduced fibre of |2E 3 |, then we get an immediate contradiction as the two points of intersection must simultaneously have the same and distinct images in Y under π. Thus ({p} × {q} × P 1 ) ∩ Q consists of two distinct points, and as this must then be the generic the case, it follows that Q has tridegree (2, 2, 2) so that φ is generically one-to-one. It follows that φ is birational.
Now we notice that
) and both have the same dimension, namely 6k 2 + 2, for all k ≥ 1, so from the equality of Hilbert polynomials it follows that φ is an isomorphism onto its image, the (2, 2, 2) divisor Q..
Keeping with the notation above, let E ′ i := E i + K Y be the adjoint halfpencil to E i and define
, respectively, such that the covering involution ι acts on these sections via ι * (
Consequently we can choose tri-homogeneous coordinates ([u 0 :
. Then we define an involution τ on ( As X = Q has no fixed points, it cannot pass through these eight points and the defining (2, 2, 2) equation of Q must be invariant.
It is clear that conversely, any such (2, 2, 2) τ -invariant divisor whose vanishing locus Q avoids the 8 fixed points of τ and is a smooth irreducible surface is the double cover of an Enriques surface Y .
Altogether this proves:
Theorem 5.1. Ley Y be an unnodal Enriques surface and E 1 , E 2 , E 3 be three halfpencils such that E i .E j = 1 for i = j. With ι and τ defined as above, there is a τ -invariant trihomogeneous polynomial of tridegree (2, 2, 2) in [u 0 :
, with zero-set Q isomorphic to the universal K3 covering X of Y such that involution σ is induced by the involution τ on P 1 × P 1 × P 1 . The three rulings of (P 1 ) 3 define the three elliptic pencils |F i | on X. Conversely, any τ -invariant trihomogenous polynomial of tridegree (2, 2, 2) which avoids the fixed points of τ and defines a smooth irreducible surface Q gives rise to the universal K3 cover of an Enriques surface Y = Q/τ .
Let us observe that the vector space of τ -invariant trihomogeneous polynomials of tridegree (2, 2, 2) is 14-dimensional and spanned by the eight monomials u 2i 0 u v 0 v 1 w 0 w 1 . This defines a linear system without base points, so by Bertini's the generic such (2, 2, 2) divisor is smooth and irreducible. Furthermore, the sublinear system consisting of τ -invariant (2, 2, 2) divisors passing through one of the fixed points of τ has codimension one, so the generic τ -invariant (2, 2, 2) divisor is smooth, irreducible, and avoids all of the eight fixed points.
It follows from Theorem 5.1 that any unnodal Enriques surface Y can be embedded as a divisor in the toric variety (P 1 ) 3 /τ . While we have not seen the description here in the literature, it is intimately related to one of the most classical descriptions of Enriques surfaces as the normalization of sextic surfaces in P 3 passing doubly through the coordinate tetrahedron [17, p. 635], i.e. as the normalization of the hypersurface in P 3 defined by x 2 y 2 z 2 + x 2 y 2 w 2 + x 2 z 2 w 2 + y 2 z 2 w 2 + xyzwQ(x, y, z, w) = 0.
Indeed, these Enriques representations, as they were called in [3] , correspond to the linear system |E 1 + E 2 + E 3 | whose pull-back defined φ : X ֒→ (P 1 ) 3 above.
The picture below relates more directly the classical Enriques representation and the representation as a quotient of an invariant (2, 2, 2) by an involution. with respect to the involution that fixes u 0 , v 0 , w 0 and negates u 1 , v 1 , w 1 . There are 14 such monomials that can be thought of as vertices and midpoints of facets of a size two cube. For clarity, only some of the monomials are marked in the picture. The non-filled circles indicate monomials that are blocked from the view.
In the right panel, we write the same monomials as monomials on P 3 with coordinates [x : y : z : w]. There is a size two tetrahedron there whose monomials correspond to those appearing in xyzwQ(x, y, z, w) in the usual equation of Enriques surface x 2 y 2 z 2 + x 2 y 2 w 2 + x 2 z 2 w 2 + y 2 z 2 w 2 + xyzwQ(x, y, z, w) = 0.
Clearly, one can make the four coefficients to be 1 by scaling the coordinates.
